We study the time evolution of the quantum field inside a cavity coupled to a beam of two-level atoms of temperature T , given that each atom, after having crossed the cavity, interacts with a classical field E and finally with a detector measuring its state. It is found that, if the coupling between the atoms and the quantum field is weak and E is not too small, for any given realization of the measurements, an arbitrary initial state of the field localizes after some time into squeezed states. The centre α of the squeezed state moves randomly in time in the complex plane, but the squeezing amplitude r and phase φ show very small fluctuations. Their mean values r and φ are independent of the random results of the measurements, of the initial state and of the atom-field coupling constant λ. The time evolution of r and φ is determined analytically by deriving and solving the quantum state diffusion equation describing the field dynamics in the limit of small λ, keeping E finite. It is shown that r increases with T , i.e., the squeezing is enhanced by increasing the temperature of the atomic beam.
Introduction
Dissipation has played a central role in quantum optics. A typical example of this is spontaneous emission, where an individual atom is coupled to an ensemble of modes of the electromagnetic field, giving, as a final result, a finite lifetime to every atomic excited state. Traditionally, the dynamics of a dissipative quantum system is described through a master equation for the reduced density matrix, obtained by tracing out the degrees of freedom of the reservoir (the electromagnetic field in the above example) and making the Markov approximation. Also, a great deal of work has been done in quantum optics on continuously monitored systems with dissipation, referred to as 'quantum jumps' or 'Monte Carlo wavefunction' schemes, which are examples of a wider class of techniques concerned with 'quantum trajectories'. In these approaches, the master equation is replaced by a stochastic differential equation for a pure state. If one averages over the realizations of the dynamical noise, the master equation is reproduced. Such a stochastic equation is referred to as the 'unraveling' of the master equation. This is not a unique process and there can be several stochastic equations that will average to the same master equation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . This technique has become important, because the trend in modern optics has been towards isolating and manipulating individual quantum systems. Examples include cavity QED with single atoms and photons [13] , micromasers [14, 15] , microlasers [16] , trapped ions cooled to the motional zero point [17] , Coulomb blockade [18] and Bose-Einstein condensates in electromagnetic traps [19] . Wide interest in such systems has been stimulated by possible applications to quantum computers (manipulation and storage of quantum states).
The aim of this paper is to investigate the localization properties of quantum trajectories for the electromagnetic field inside a high-Q cavity interacting with a beam of two-level atoms, which form the reservoir of temperature T . The states of the atoms leaving the cavity are measured by a detector. A laser field E with frequency close to the resonance with the atomic transition is placed between the cavity and the detector. The same system has been considered in [20] in the reverse situation where one knows exactly the state of each atom before it crosses the cavity and no measurement is performed on it at its exit (its final state being thus unknown). It has been shown in this reference that the cavity field evolves at large times to a state which is completely controlled by the initial states of the atoms, and that any field state can be obtained asymptotically by an appropriate choice of the sequence of atomic states. We find in our case a somewhat related result: for sufficiently large E and small atom-field coupling, the cavity field evolves at large times to squeezed states |α, ξ , whose squeezing parameters r = |ξ | and φ = arg(ξ )/2 are controlled by the temperature T of the beam and by E, respectively. An important difference is, however, that randomness is left in the problem: the centre α fluctuates randomly in the complex plane, in such a way that the photon number distribution reproduces after time averaging the equilibrium (Bose-Einstein) distribution at temperature T . The present work extends some previous results presented in [21] .
The experimental scheme
Let us consider one mode of the quantized electromagnetic field of a lossless cavity coupled to its environment. The environment is a beam of atoms prepared in one of two Rydberg states |g ('ground state') and |e ('excited state') in resonance with the frequency ω of the mode. The fluxes r g and r e of atoms crossing the cavity, prepared respectively in states |g and |e , are assumed to be such that at most one atom is in the cavity at any time. The time interval between the crossing of consecutive atoms is δt = (r g + r e ) −1 . To simplify, all the atoms of the beam are supposed to have the same speed. They thus spend the same time τ < δt in the cavity, interacting with the photon mode. The atom-mode interaction Hamiltonian is in the interaction picture (rotating-wave approximation) [22] 
where a † and a are the creation and annihilation operators of a photon in the cavity mode. The coupling constant λ is equal to q 2 ω/2ε 0 V d ge · σ , where d ge is the matrix element of the atomic dipole, σ the polarization vector of the mode, q the charge of the electron and V the volume of the cavity.
At the exit of the cavity, the atoms enter into a second cavity, identical to the first but containing a classical field E (figure 1). We again assume that each atom spends the same time τ L < δt there, and denote by U = e −iτL HL the time evolution operator of the atom driven by the classical field. In the special case of a classical laser field E, the atom-classical field interaction Hamiltonian reads
where = i d ge · E is the Rabi frequency and δ = ω L − ω is the detuning between the laser and the atomic frequencies. Finally, the state of each atom is measured at the exit of the second cavity by a perfect detector, telling us whether it is in its ground or its excited state. The corresponding experimental set-up is presented in figure 1 . It has been considered in [23] without the second cavity. A similar set-up has been studied in [24] , but the atoms were assumed to be pumped in their 'excited' state before entering the first cavity (r g = 0). In contrast, we shall assume in what follows r g > r e . The times of flight of the atoms between the two cavities and between the second cavity and the detector are supposed to be much smaller than the lifetime of |e , so spontaneous emission of photons can be neglected. a, a * E τ τ L Figure 1 . The two-level atoms of the beam cross one by one a cavity containing the quantum field studied, a, a second cavity containing a laser field E and a detector measuring their states.
Stochastic dynamics of the quantum field
Let us determine the evolution of the state of the field in the first cavity when one atom, initially in state |i , i = g or e, crosses the two cavities and the detector. At the time t just prior the entrance of the atom in the first cavity, the wavefunction | (t) of the total system 'atom + quantum field' is a tensor product state | (t) = |i |ψ(t) . Since the two fields are in separated cavities, the atom interacts with the quantum field before interacting with the classical field E. The total wavefunction at the exit of the second cavity (before the measurement) is thus in the interaction picture
The interaction leads to an entanglement between the quantum field and the atom, i.e., | ent is no longer a tensor product state. After the measurement on the atom has been performed, the field and the atom become again disentangled and the wavefunction of the total system is
with j = g if the atom is detected in state |g and j = e if it is detected in state |e . It is convenient to introduce the complex numbers
and the operatorã = a sinc(|η|n
where
is the square root of the photon number operator and sinc(x) = sin(x)/x. If the atom-laser coupling is given by (2) 
An easy computation using (1) leads to [25] e −iτ Hint = |g g| cos(|η|n 1 2 ) + |e e| cos(|η|(n + 1)
Let |ϕ(t + δt) = j | ent be the unnormalized wavefunction of the quantum field after the measurement. Since the initial and final atomic states i and j can take two values g or e, we must distinguish four cases.
(1) i = j = g. Then, by (3) and (7),
(2) i = g, j = e. Then,
(3) i = e, j = g. Then,
(4) i = j = e. Then,
Thus, the crossing by the atom of the two cavities and the detector modifies the normalized wavefunction |ψ(t) of the field in the interaction picture as follows:
The cases (2) and (3) correspond, respectively, to the absorption and the emission of a photon of the quantum field or of the laser field by the atom. We then say that the quantum field suffers a 'quantum jump' − or + (this denomination comes from the limit |η| → 0, fixed, in which these jumps are separated by Hamiltonian-like evolutions [21] ). The probability that the atom is detected in state | j , given that it enters the first cavity in state |i , is
2 . The probability δp − (t) of a jump − is equal to p g→e times the probability r g δt that the atom is initially in state |g . Similarly, δp + (t) = p e→g r e δt. Introducing the damping rates
and using the unitarity of the matrix (u i j ), one arrives at
The probabilities of cases (1) and (4) are respectively r g δt − δp − (t) and r e δt − δp + (t). The stochastic dynamics of the field depends only on the dimensionless parameters η, and on the damping rates γ ± . The ratio γ + /γ − defines the temperature T of the atomic beam:
where ω is the atomic transition frequency and k B the Boltzmann constant.
Localization into squeezed states
Let us follow the evolution of the state |ψ(t) of the quantum field when many atoms cross the cavities, for a given result (realization) of the measurements. Such a time evolution defines a quantum trajectory [3] . We computed |ψ(t) numerically, taking a particular initial state |ψ(0) and modifying |ψ(t) according to (12) at each time step δt, with the above probabilities. For big | | and small |η|, we find that, for any choice of |ψ(0) , |ψ(t) evolves to a squeezed state |α(t), ξ(t) , up to small fluctuating errors. In order to illustrate this result, let us study the mean square deviations (MSD) Figure 2 corresponds to = 20 and figure 3 to = 100. One sees in both figures that x 2 (t) begins to fluctuate around a mean value x 2 after some transient time τ . The fluctuations are considerably reduced in the case = 100 (figure 3) with respect to the case = 20 (figure 2). Moreover, the product x 2 (t) y 2 (t) is much closer in figure 3 to the minimum value 1/16 allowed by Heisenberg's uncertainty principle. The trajectories (a) and (b) start from the same initial coherent state but correspond to different values of η and δt, with fixed damping rate γ = |η| 2 /δt = 7/2; the trajectory (c) starts from a different initial state (the Fock state in figure 2 and a state chosen by picking the 20 first components n|ψ(0) randomly in figure 3 ). The comparison of the different curves, together with other numerical results presented elsewhere [21] , indicates that the mean values x 2 and x 2 y 2 1/16 are independent of:
(1) the specific realization of the measurements; (2) the initial state |ψ(0) ; (3) the values of and η, when | | is larger than some value 0 and |η| smaller than η 0 .
The fact that x 2 (t) y 2 (t) fluctuates closer and closer to 1/16 as | | becomes bigger supports the idea that the localization into squeezed states |α(t), ξ(t) holds in the limit | | → ∞. As is well known [22] , the minimal MSD of a squeezed state is x 2 = e −2|ξ | /4. Strikingly, the squeezing amplitude r (t) = |ξ(t)| = − ln(2 x(t)) is nearly deterministic for t τ , | | 0 and |η| η 0 , and it depends neither on the initial state nor on η, . It is important, however, that |η| be small enough: for values between 0.06 and 0.09 or greater, we observed completely different behaviours of x 2 (t) and x 2 (t) y 2 (t) in figure 2 ( = 20). The same breakdown occurs for |η| between 0.02 and 0.04 in figure 3 ( = 100). One can thus expect the localization into squeezed states to be exact in the joint limit | | → ∞, |η| → 0. The squeezing phase φ(t) = arg(ξ(t))/2 is also nearly deterministic and is given by φ(t) = arg( ) − ωt for t τ [21] . Unlike ξ(t), the centre α(t) of the squeezed state moves randomly, as seen in figure 4.
Our main result is shown in figure 5 . x 2 (t) is plotted versus γ t for five quantum trajectories, corresponding to different temperatures T of the atomic beam. It is seen that x 2 decreases for increasing T , i.e., the final squeezing increases with the temperature. The purpose of the remaining sections is to explain this phenomenon quantitatively.
Photon number statistics
In the absence of measurements, i.e., in the same experimental set-up as in figure 1 but without the detector, the quantum field thermalizes with the atomic beam at temperature T > 0. The state of the field is described by a density matrix ρ(t) = tr A σ (t), obtained by tracing out the atomic degrees of freedom in the density matrix σ (t) of the total system 'atoms + field'. The probability n|ρ(t)|n of finding n photons in the first cavity converges at large times to the BoseEinstein distribution ρ eq nn = (1 − e −ω/kB T )e −ωn/kB T . Such a thermalization does not occur if the measurements on the atoms are performed: then the field is constantly maintained out of equilibrium. One should thus keep in mind when confronted with the above-mentioned numerical results that T is the temperature of the atomic beam, not that of the field! Let us denote by M the mean over all results of the measurements. Since averaging the projector |ψ(t) ψ(t)| over all results of a measurement is the same as not performing the measurement,
One may verify this formula explicitly by comparing the evolution of the second and third members when one atom crosses the cavities [21] . It is expected from ergodicity that the time average of the quantum probability P n (t) = | n|ψ(t) | 2 of finding n photons coincides with the equilibrium value ρ eq nn :
In order to check the ergodic hypothesis, we computed numerically the first and fourth members. The corresponding values, represented in figure 6 by the circles and the full curve, agree reasonably well. P n (t) is shown in the same figure for a fixed time t. One sees the well known oscillations exhibited by squeezed states, with an overall exponential decay [26] . For squeezed states |α, ξ with real α and ξ , P n has the following asymptotic behaviour as n → ∞:
with n = √ 2n+1
and r = |ξ | (see [26] ). It has been seen in section 4 that the squeezing amplitude r (t) − ln(4 x 2 )/2 is almost time and realization independent for sufficiently large t. This must also be the case for the rate | ln(tanh r )| −1 of the exponential decay of P n (t) as n → ∞. By (17) , this rate must coincide with the decay rate k B T /ω of the Bose-Einstein distribution ρ eq nn . This gives tanh r = e −ω/kB T = γ + /γ − . As a result,
The values (19) are the large-time limits of the exponentially decaying functions shown in full curves in figure 5 . A good agreement is found with the numerical data. Another consequence of (17) is worth noting. In order to reproduce the Bose-Einstein distribution, the oscillations of P n (t) as a function of n must disappear after a time (or realization) averaging. Since |ξ(t)| is constant for t τ , this implies that the centre α(t) of the squeezed state varies randomly in time.
The factor e α 2 /2 sinh(2r) in (18) shifts the whole distribution to the right or to the left as α varies, and the amplitude and phase of the oscillations are also changed. These large random time fluctuations are observed for Re α in figure 4 .
Formula (19) shows that x 2 decreases on increasing T . A perfect squeezing ( x 2 = 0) is predicted at T = ∞. However, one finds numerically that the localization into squeezed states only holds for |η| smaller than some value η 0 and for | | bigger than 0 , where η 0 decreases to zero and 0 increases to infinity as k B T /ω → ∞. Thus perfect squeezing cannot be reached in a practical numerical or real experiment with finite η and . We shall come back below to this limit of validity of (19).
Quantum state diffusion
The argument of section 5 does not explain why the squeezed states form an invariant family under the stochastic dynamics and why the squeezing amplitudes evolve exponentially to a temperature-dependent limiting value at large times, as observed in the numerical simulations. In order to understand these points, we determine in this section the coarse-grained evolution of the field state |ψ(t) for timescales on which many atoms cross the cavities.
The numerical data suggest considering the limit
Let us assume moreover that the moments n q t are much smaller than |η| −2q ; more precisely,
where O t = ψ(t)|O|ψ(t) is the quantum expectation in state |ψ(t) . Under this condition, the crossing of the cavities and the detector by one atom weakly perturbs the quantum field in all cases (1)- (4) (perturbative regime). In fact, since |ψ(t) is renormalized at each time step δt, |ϕ(t + δt) is defined up to an arbitrary multiplicative constant in equations (8)- (11). Hence one may divide the right-hand sides of these equations by u gg , ηu ee , −η * u gg * and u ee , respectively. This yields
with
In all cases (1)- (4), the wavefunction |ψ(t) is modified by a small amount, of order η 1/2 . The equalityã = a + O(η 1/2 ), which follows from (6) and (21), has been used.
Let us consider a time interval [t, t + t] such that many atoms cross the cavities between t and t + t but |ψ(t + t) does not differ much from |ψ(t)
. This is the case if
Let us denote by N ± (t) the number of jumps ± (cases (3) or (2)) and by N i (t) the number of atoms entering the first cavity in state i (i = g or e) between t and t + t. Then,
Since the variation of |ψ(t) between t and t + t is small, the jump probability δp ± (t m ) can be approximated by δp ± (t) for any t m = t + mδt, m = 0, . . . , t/δt. From (9), (10) and (14),
Replacing this formula into (25) , one obtains the mean value over the measurements of | ϕ(t) = |ϕ(t + t) − |ϕ(t) :
The identity M N i (t) = r i t has been used. It remains to evaluate the fluctuation of | ϕ(t) . Consider the random variable δ N i (t m ) equal to 1 if the mth atom enters in the first cavity at time t m = t + m δt in state |i , and equal to 0 otherwise. The random variable δÑ + (t m ) (δÑ − (t m )) is equal to 1 if a jump + (−) occurs when the mth atom is sent into the cavity in state |e (|g ). The probability that δÑ + (t m ) = 1 is equal to the conditional probability p e→g of occurrence of a jump +, given that the mth atom is initially in its upper state |e . Similarly, δÑ − (t m ) = 1 has probability p g→e . Let i + = e and i − = g. With these definitions, δ N i± (t m ) and δÑ ± (t m ) are independent random variables. Variables corresponding to different times t m are also independent. The fluctuation of
can be written as a sum of two terms: (27) tends in the limit t δt to a Gaussian random variable of zero mean and variance t. Shifting t by t leads to an independent Gaussian variable w ± (t + t). Hence w ± (t) are the increments of two independent Wiener processes (w ± (t)) t 0 . With the help of (25), we find
The third and fourth terms, proportional to the fluctuations M i (t) of the numbers N i (t) of atoms entering the cavity in state i between t and t + t, are of order ( t/δt) 1/2 η. They can be neglected with respect to the first and second terms, proportional to w ± (t), which are larger by an amount η −1/2 . Since we are interested in the coarse-grained dynamics of the field with a 'time resolution' t, the Gaussian increments w ± (t) will be treated as infinitesimal Itô differentials, denoted by dw ± (t), and t will be denoted by a time differential dt.
The last step consists in normalizing |ϕ(t + dt) . Its inverse norm, assumed to be one at time t, can be computed by using the Itô formalism of stochastic differentials [27] :
The first differential in the right-hand side is d ϕ(t) 2 = 2 Re ϕ(t)|dϕ(t) + dϕ(t)|dϕ(t) . The last term is non-zero since dw ± (t) dw ± (t) = dt. Collecting (26) , (28) and (29) and using the other Itô rules dw ± dw ∓ = dw ± dt = 0, we arrive at our final result:
Note that |dψ is independent of |η |, i.e., the coarse-grained dynamics depends only on θ = arg and on the damping constants γ + and γ − . Equation (30) pertains to a known class of stochastic Schrödinger equations with real Wiener processes, which has been studied in [8, 10] ; related equations with complex Wiener processes have been discussed in [9] . Both kinds of equation unravel the same Lindblad master equation for the density matrix (16) . In our case, the master equation is easy to determine directly. The change of ρ(t) when one atom, initially in state |i , crosses the cavity is
ρ(t) describes the evolution of the quantum field without the measurements on the atoms. Hence it does not depend upon the classical field E in the second cavity (this is seen
Evolution of the squeezing parameters
As shown by Rigo and Gisin [28] , the stochastic Schrödinger equation (30) preserves squeezed states. More precisely, |ψ(t) = |α(t), ξ(t) is a solution of (30) if α(t) and ξ(t) = r (t)e 2iφ(t) satisfy the Itô stochastic differential equations:
with (t) = −e 2iφ(t) tanh(r (t)) and β(t) = α(t) − (t)α * (t). These equations are derived in [21, 28] , so we only quote here the result (note that dw ± are Itô stochastic differentials, whereas Stratanovich differentials are used in [28] ).
The squeezing parameters r (t) and φ(t) are given by the solution of the first equation, which is deterministic:
where c is an arbitrary complex constant. Replacing (35) into the second equation in (34), x θ (t) = Re(e −iθ α(t)) and y θ (t) = Im(e −iθ α(t)) are found to satisfy
The second equation is again deterministic and gives
In figure 4 , we indeed observe an exponential decay of y 0 (t) = Im a t with the rate
In the large-time limit t (γ − − γ + ) −1 , the centre α(t) moves randomly on the line arg(α) = θ , and
Since for squeezed states x 2 = e −2r /4, one recovers the expression (19) for the time average (or, equivalently, the infinite-time limit) of x 2 (t). In the Schrödinger picture, the field wavefunction is |ψ S (t) = |α(t)e −iωt , ξ(t)e −2iωt . The centre of this squeezed state now also rotates in the complex plane. The squeezing phase is φ S (t) θ − ωt at large times.
In the special case of an initial coherent state |ψ(0) = |α , the constant c is equal to −γ + , so φ(t) = θ at all times and
In particular, x 2 (t) = 1/4 at zero temperature (γ + = 0). This means that coherent states |ψ(t) = |α(t) are preserved by the stochastic dynamics if all atoms are initially in their lower state. The result (39) is compared in figure 5 with the numerical data. One sees a very good agreement. Note that the rate (γ − − γ + ) of the exponential decay of x 2 (t) decreases to zero at high temperatures: one needs to wait longer and longer to reach the value x 2 given by (19) as T becomes larger. In any real or numerical experiment, the quantum field is observed up to a finite time t, so this limits the maximal squeezing that can be reached: x 2 (t) > x 2 . By ergodicity, the time average of n t is the BoseEinstein average 1/(e ω/kB T − 1). For squeezed states, n = sinh 2 r + |α| 2 (see [22] ). Using (38) gives the time average of |α(t)| 2 :
The idealized case of two-level atoms interacting with a single mode of the electromagnetic field in a lossless cavity is nearly realized in micromasers [15] . In the recent experiment [29] , a cavity with a quality factor as high as Q = 4 × 10 10 has been employed, corresponding to a photon lifetime t cav = 0.3 s. The main difference between the physics of the micromaser and our model is that, in the experiments known to us, the twolevel atoms are pumped in their upper level before interacting with the quantum field, whereas we assumed in this work that the atomic beam has a positive temperature T . We have given numerical evidence that, for a non-zero classical field intensity and a small enough coupling strength η = λτ (λ is the atomfield coupling constant and τ the time spent by each atom in the cavity), the cavity field localizes into squeezed states. The corresponding squeezing amplitude r (t) and phase φ(t) have been shown to be nearly deterministic and given by (38) in the large-time limit. The centre α(t) of the squeezed state moves randomly in the complex plane, in such a way that the quantum probabilities for the photon numbers reproduce the thermal (Bose-Einstein) distribution after a time averaging. The main result is that the final degree of squeezing increases with the temperature of the atomic beam. A perfect squeezing can be obtained a priori in the limit of infinite tempeature and of zero coupling strength η, keeping a finite laser field intensity. However, the time needed to obtain this perfect squeezing goes to infinity in this high-temperature limit, and corrections for finite η and become important at high temperatures. This, together with the finite lifetime of photons in a real cavity, limits in practice the squeezing that can be achieved.
The squeezing effect found in the present work should be in principle observable in micromasers. Since the probability of field-induced transitions between adjacent atomic levels with principal quantum number n scales as n 4 , experiments with values of η ranging from 10 −3 to more than 1 can be found in the literature. According to our numerical simulations, the best value for observing a rapid localization of the cavity field into squeezed states is η 0.03, and the localization time is typically t 10/γ with γ = η 2 δt −1 . The experiments described in [15] have higher values of η, due to the high degree of excitation of the rubidium atoms (λ = 10 4 s −1
for the 63p 3/2 → 61d 3/2 transition and the shorter τ is 25 × 10 −6 s, giving η = 0.25). The intensity of the beam must be small enough in order to ensure that the cavity field is coupled to at most one atom at any time. Using a flux of atoms r = δt −1 = 0.1τ −1 , one finds, assuming a Poissonian statistics for the number of atoms in the cavity, that 95% of the events involve only one atom. This flux is in the range of the experimental data for τ = 25 × 10 −6 s. The condition of observation of the predicted localization into squeezed states is met for γ t cav = η 2 t cav (0.1τ −1 ) 10 and η 0.03. One concludes that τ must be smaller than 3 × 10 −6 s. Again, this value is a bit too small compared with typical micromaser experimental data (relatively large cavities are used in order to ensure that the low mode is in resonance with the nearby Rydberg level transition). In order to observe the temperatureenhanced squeezing described in this work, atomic transitions corresponding to lower coupling constants could be more suitable, or faster atoms spending less time in the cavity could be used. According to [15] , the squeezing of the cavity field could be measured by using probe atoms.
